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Having observed Tutte’s classification of 3connected graphs as those attain- 
able from wheels by line addition and point splitting and Hedetniemi’s classi- 
fication of 2connected graphs as those obtainable from KZ by line addition, 
subdivision and point addition, one hopes to find operations which classify 
n-connected graphs as those obtainable from, for example, K,,,, . In this paper 
I give several generalizations of the above operations and use Hahn’s theorem 
to obtain two variations of Tutte’s theorem as well as a classification of 4- 
connected graphs. 
1. INTRODUCTION 
All terms used are consistent with their definitions in [2]. In particular, 
“graph” shall mean a Michigan graph (i.e., undirected and without loops 
or multiple edges). Let 1 G 1 denote the number of points in G; u E G 
means u is a point of G. Graph G is n-connected if the minimum number 
of points whose removal disconnects G or gives K1 is > n; G is minimally- 
n-connected if G is n-connected but, for any edge e of G, G-e is not n- 
connected. 
Menger’s theorem states that the minimum number of points separating 
non-adjacent points u and u is the maximum number of disjoint U-V paths. 
Using this one proves Whitney’s theorem, namely that G is n-connected if 
and only if for every pair of points u and 0 there are at least n point 
disjoint u-v paths. Let P,, denote a path between u and v. 
Two points u and v will be said to be n-connected if there are at least 
n point disjoint u-v paths. Thus for I G I 3 n + 2 one shows that G is 
n-connected either by showing that the removal of any n - 1 points 
of G leaves a connected graph or by showing that any two points are 
n-connected. 
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2. SOME OPERATIONS PRESERVING II-CONNECTIVITY 
Let G be a graph, and let H be the graph obtained from G by adding a 
point u which we make adjacent to points I, 2,..., n - 1 and n of G. 
Then H will be said to be obtained from G by “point addition.” It is clear 
that if G is n-connected and we add a point of degree at least n, then H 
is also n-connected. As corollaries of this one has the following two useful 
lemmas. 
LEMMA 1. Let p and u1 , u2 ,..., u, be distinct points of an n-connected 
graph, then there are paths PVul ,..,, P,,, where any two of these have only 
point p in common. 
LEMMA 2. Let S, = {ul ,..., u,} and S, = {vl ,..., v,} be disjoint sets 
of n points in an n-connected graph G. Then there are n paths, each from 
a ui to a vj , no two having a common point. 
I now give two generalizations of Tutte’s concept of “(point) splitting.” 
Let u E G with deg u > 2n - 2. Let H be the graph obtained by replacing 
u by two adjacent points, ui and u2 , and if x is adjacent to u in G, written 
x adj U, then make x adj u1 or x adj u, (but not both), where we require 
that deg u, > n and deg us > n. (See Fig. la.) Let H be said to arise from 
h,kzn-2 In H 
In G 
FIG. 1. “n-point-splitting” and ‘*n-line-splitting.” 
G by “n-point-splitting.” Let uv be an edge of G with deg u > 2n - 3 
with u adjacent to v, x1 , x2 ,..., xk , y1 , y2 ,..., yR where k and h > n - 2. 
Let H be the graph obtained by replacing u by two adjacent points, u1 
and u2, with v adj ul , v adj u2 , ul adj xi (1 9 i < k), and u, adj yj 
(1 < j < h). (See Fig. lb.) Let H be said to arise from G by “n-line- 
splitting.” 
THEOREM 0. If G is n-connected and H arises from G by line addition, 
then H is n-connected. 
THEOREM 1. If G is n-connected and H arises from G by n-point- 
splitting, then H is n-connected. 
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Proof. For n = 1 it is clear that l-point-splitting leaves a connected 
graph. For n > 2, let R be a subgraph resulting from removing n - 1 
points of H. If we remove u1 , ue and n - 3 others, then i7 is a subgraph 
of G resulting from the removal of n - 2 points, so it is connected. If we 
remove S = {ul, w2 ,..., w,,& then some yi remains, say y1 . In G - 
h, wz ,*-*, wnml} we can connect yr and any other point by some path. 
Since we can use the same paths in H - (ul , w2 ,..., w~-~}, and we have 
u2 adj y1 , R is connected. Finally, if ur and u2 are left in 17 = H - 
0% ,‘a.3 w,+.~}, let t E a(t # U, or uz). Then t E G - {wr ,..., w,,-~}, so we 
have a path P = t ,..., p, u in G - {wl ,..., w,,-1}. If p = xi we have t ,..., p, 
u, in R; if p = yj we have t,..., p, us, U, in R. Thus fl is connected. 
THEOREM 2. If G is n-connected and H arises from G by n-line-splitting, 
then H is n-connected. 
Proof. For n = 1 it is clear that line splitting leaves a connected 
graph; for n = 2 it is clear that removing any one point from H leaves 
a connected graph. For n > 3 suppose deg u 3 2n - 2, then k or h is at 
least n - 1, say k > n - 1. We can n-point-split u using x1 ,..., xk and 
Yl ,***, Yh , 27. By Theorem 1 the resulting graph is n-connected; by 
Theorem 0 (adding line vul) H is n-connected. Now suppose 
deg u = 2n - 3, that is k = n - 2 = h. Remove any n - 1 points 
hl ,***, w,-~} of H and get graph R. If we have not removed ur or 
n2, then since there are 2n - 3 points adjacent to u we have at least 
2n - 3 - (n - 1) = n - 2 >, 1 points left adjacent to a1 or u2 . Without 
loss of generality say y, is left. (For n 3 4 some xi or yj is left; for n = 3 
perhaps only a is left, but the proof remains the same.) Now y1 , uz, u, 
connects y, to ug and U, . Let t be any other point of W. In G - {wl ,..., w,-~} 
we have a path PtV1 . Since we may replace any appearance of u by uluz , 
z+ul , U, or u2 , as required, y1 is connected to t in B. Thus R is connected. 
If R = H - {ui , u2 , wQ ,..., w,-~) then R = G - {u, ws ,..., w,-~} is 
connected. If B = H - {ur , w2 ,..., ~~-3, then U, had n - 1 points 
adjacent to it, so at least one remains, say y1 . (Again for n = 3, if we 
have to use v instead of yr , the argument is the same.) Now yr adj us. 
Let t E B, then in G - {a, w2 ,..., w,-~} there is a path from t to y, . The 
same path exists in B. Thus R is connected. 
THEOREM 3 (Halin [l]). Every minimally-n-connected graph contains 
a point of degree n. 
THEOREM 4. Suppose His n-connected with u E H where deg u = n and 
1 H 1 > n + 2. If G is the graph obtainedfrom H by deleting u and adding 
all edges between any two points adjacent to u, then G is also n-connected. 
s=dvl3-6 
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Proof. Let 1, 2,..., n denote the n points adjacent to u, then in G we 
have (1, 2,..., n) = K,, (where (1,2,..., n) is the subgraph generated by 
the points 1,2,..., n.) Let u and w  be any two points of G, then in H we have 
n point disjoint paths from w  to v. Suppose one of them contains U, say 
P = w ,..., i, u,j ,..., v with 1 < i, j < n. Since we have edge ij in G we can 
change P to u’,..., i, j ,..., v. Thus any two points are n-connected in G. 
So G is n-connected. 
Now consider the classes of l-connected, 2-connected, and 3-connected 
graphs. 
THEOREM 5. The class of minimally-l-connected graphs is the class 
of graphs obtainedfrom K, by$nite sequences of I-point-splitting; the class 
of l-connected graphs is the class of graphs obtained from Kz by finite 
sequences of line addition and 1 -point-splitting. 
Proof. Obvious-since the minimally-l-connected graphs are the trees. 
THEOREM 6. The class of 2-connected graphs is the class of graphs 
obtained from KS by finite sequences of line addition and 2-point-splitting. 
Proof. We induct on the number of points. Let H be a 2-connected 
graph with at least four points. Since we are allowing line addition, by 
Halin’s theorem we may assume there is a point u of degree 2, say u adj 1 
and u adj 2. Now by Theorem 4, G = H - u + 12 is 2-connected. By 
induction we can obtain G from KS with a finite sequence of line additions 
and 2-point-splittings. If H did not contain edge 12 (which would be true 
if we required H to be minimally-2-connected), then we can obtain H by 
2-point-splitting point 1 in G; if H did contain edge 12, then we can 2- 
point-split and add a line to obtain H. Thus we can obtain all the 2-con- 
netted graphs. By Theorem 0 and Theorem I, we only obtain 2-connected 
graphs. 
THEOREM 7. The class of 3-connected graphs is the class of graphs 
obtained from K4 by finite sequences of line addition, 3-point-splitting and 
3-line-splitting. 
Proof. By Theorems 0, 1, and 2 all one obtains is 3-connected graphs. 
To show that one can obtain all of the 3-connected graphs it suffices to 
observe that all of the wheels can be obtained from K4 by finite sequences 
of 3-line-splittings. Tutte’s theorem tells us we can then obtain all 3- 
connected graphs from the wheels by line addition and 3-point-splitting. 
An alternate proof ([4]) is outlined here. Induct on the number of points 
in the graph. Let H be a 3-connected graph with at least five points. By 
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Halin’s theorem, since we allow line addition we may assume that H has 
a point of degree three, say deg u = 3 with u adj 1, u adj 2 and u adj 3. 
We then consider the four cases for (1,2, 3) (see Fig. 2). For Cases 1, 
case I. ,--* 3 
” ;- 3? 
” 
case3 /-* 3 
“4- 
3 
” 
\- I-- 
FIG. 2. Structure at a point of degree three in a 3-connected graph. 
2, and 3 we can obtain G as in Theorem 4 and use 3-line splitting and line 
addition, 3-line-splitting, and 3-point-splitting, respectively. For Case 4, 
we let H,, be the graph obtained from H by identifying points 1 and u 
and similarly for H,, and Har . It can be shown that at least one of H,, , 
Hz, and HSU will be 3-connected whenever H is. By 3-point-splitting the 
appropriate Hi, we obtain H. 
It should be noted that if H is minimally-3-connected then Case 1 cannot 
occur. 
It is interesting to consider what lines can be removed from (1,2,..., n> 
when one adds a point of degree n to these n points if n-connectivity is to 
be preserved. In view of the next theorem it is especially interesting when 
n = 3. 
Let 1, 2 and 3 be arbitrary points in a graph G, and let H be the graph 
that comes from G by deleting all the lines in (1,2,3), adding a point u 
adjacent to 1,2 and 3, and then adding any set L of lines which keeps 
deg i > 3, where 1 < i < 3, and where L is a subset of (12, 13,23}. 
Graph H will be said to be obtained from G by “3-soldering.” (Equiva- 
lently, 3-soldering consists of adding a point u adjacent to points 1,2 and 3, 
and adding all lines between any two points adjacent to u, and then 
possibly removing a line from (1, 2, 3) which connects two points of 
degree at least 4, possibly removing a second line under the same restric- 
tion, and finally possibly removing the third line if the end points still 
have degree 4.) 
THEOREM 8. The class of 3-connected graphs is the class of graphs 
obtained from K4 by Jinite sequences of line addition and 3-soldering. 
Proof. Let H be any 3-connected graph where, as before, we may 
assume H has a point of degree 3. Again, induct on the number of points 
in H. If H has more than four points, let G be as in Theorem 4. Clearly 
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we can 3-solder G to obtain H. Conversely it must be shown that 3- 
soldering preserves 3-connectivity. Let G be 3-connected and suppose that 
H comes from G by 3-soldering where we have added point u adjacent 
to points 1, 2 and 3. Note that H has at least five points U, 1, 2, 3 and v, 
and we have paths P,, , P,, and P,,3 as in Lemma 1. Let S be any two 
point set in H. If u 4 S then 1 adj U, 2 adj U, 3 adj U, and if w  is any other 
point in H - S, then at least one of the paths Pwl , P,, and Pw3 (from 
Lemma 1) remains, and thus we have a path from w  to U. Consequently 
H - S would be connected. Suppose u ES. Consider four cases for H, 
as in Figure 2. 
Case 1. H contains the three edges 12, 23 and 13. Since G is 3-con- 
netted, H-u is three connected. Hence H-S is connected. 
Case 2. H contains two of the three lines, say 12 and 23. If S = (u, l} 
then 3 adj 2 and for any w  in H-S, Pwz remains. So H-S is connected, 
and similarly for S = {u, 3). If S = (u, 21, then P,, and Pv3 connect 1 and 
3, and, for any w  in H-S, P,, remains. So H-S is connected. If S = {u, w} 
with w  6 { 1, 2, 3) then P = 1, 2, 3 connects points I,2 and 3. If t is any 
point in H-S then at least one of Ptl , P,, and Pt3 remains. So H-S is 
connected. 
Case 3. H contains one of the three lines, say 23. If S = {u, 1) then 
for every t E H-S, P,, remains. So H-S is connected. If S = (u, 2}, then 
Pvl and P,, connect 1 and 3, and, for any other w  in H-S, Pm3 remains. 
So H-S is connected, and similarly for S = (u, 3). If S = {u, w} with 
w  f 1, 2 or 3, we let s1 and s2 be the points adjacent to 1 in H-u. At 
least one of these is in H-S, say s1 . Then either PSI2 or P,?, remains, so 1 
is connected to 2 and 3. Now for any other t in H-S either P,, or Pt3 
remains, so t is connected to 2. Thus H-S is connected. 
Case 4. H contains none of the three lines. If S = (u, I}, then Pus 
and P,, connects 2 and 3 and for any other t in H-S, Pt, remains. Thus 
H-S is connected, and similarly for S = (u, 2) or (u, 3). Suppose S = {u, w} 
with w  4 (1, 2, 3). Let s1 and s2 be adjacent to 1 in H-u, then at least 
one is in H-S, say s1 . Now either PSI2 or PSI3 remains, say PSI2 . Then 
1 and 2 are connected. Now similarly 3 is connected to at least one of 
the points 1 and 2. Thus 1, 2, and 3 are connected in H-S. Now for any 
other t in H-S, at least one of Ptl , Pt, and Pi, remains. Thus H-S is 
connected. 
Consequently, if H comes from G by 3-soldering then G is 3-connected 
implies H is 3-connected. 
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3. ~-CONNECTED GRAPHS 
With a point u of degree four there are 11 possible graphs on the four 
points adjacent to it (see Fig. 4), as opposed to the four graphs adjacent to 
a point of degree three (see Fig. 2). Theorem 8 essentially says that with 
a 3-connected graph H that contains a point of degree three one can use 
Theorem 4 to obtain a 3-connected graph G with one fewer points, and 
then one can use 3-soldering (which always preserves 3-connectivity) to 
obtain H from G-thus setting the basis for an induction argument. 
Figure 3 shows that Theorem 8 can not have a counterpart for 4-connected 
G is 4-connected Ii is not I)-connected 
FIG. 3. An attempted ‘%-soldering.” 
graphs. However, if a further restriction is put on the set of lines that 
must be added among the points adjacent to U, namely that it must contain 
two lines incident with the same point, then eight of the 11 cases can be 
handled. 
Let 1,2, 3 and 4 be arbitrary points in a graph G, and let H be the graph 
that comes from G by deleting all the lines in (1,2, 3,4), adding a point 
u adjacent to 1, 2, 3 and 4, and then adding any set L of lines from 
(12, 13, 14, 23,24, 34) which contains two lines incident with the same 
point and which makes deg i > 4, where 1 < i < 4. Graph H will be 
said to be obtained from G by “4-soldering.” (Equivalently, Csoldering 
consists of adding a point u adjacent to points 1, 2, 3, and 4 and adding 
all lines between any two points adjacent to U, and then possibly removing 
a line from (1,2, 3,4) which connects two points of degree at least five 
and whose removal will leave a K,,, in (1,2, 3,4), etc.) 
THEOREM 9. 4soldering preserves 4-connectivity. 
Proof. Let K be a 4connected graph, and let H be obtained from 
K by 4-soldering where we have added point u adjacent to 1, 2, 3, and 4. 
Examine the eight possibilities for H (namely, Case l-8 in Fig. 4), and let 
G be the graph obtained from H as in Theorem 4 (see Fig. 4). Since G is 
obtained from K by line addition, G will be 4-connected. Hence it suffices 
to show that G is Cconnected implies that His 4connected. Let D denote 
a fifth point of G, then from Lemma 1 one obtains Pwl , PUS, P,, , and 
P 04 * Let S be a three point set in H. Suppose u $ S. If 1 < i < 4 and 
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Case Il. 
A--y- qH 
" 
V.' 
21 Q- 
2 
.-- 
FIG. 4. Structure at a point of degree four in 4connected graph H. 
i E H-S then i adj U, and for any other point w  in H-S at least one of 
p pws,pwa, Wl 9 and P,, remains, which implies that w  is connected to u 
in H-S. Thus H-S is connected. Suppose that u E S. If w  E H-S and w  # i, 
where 1 < i < 4, then at least two of Pwl , P,, , P,, , and Pm., remain. 
Hence to show that H-S is connected it will suffice to show that the 
points from (1, 2, 3,4} in H-S are connected. If S is u and two of the 
points adjacent to it, then the other two are connected by a path through v. 
Now W, and wz will represent points which are not 1, 2, 3 or 4. 
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Case 1. G is Cconnected and H is obtained from G by “point adding 
of degree 4.” Thus His 4-connected. 
Case 2. If S = {u, w1 , wz} then 1, 2, 3, and 4 are clearly connected. 
If S = {u, i, wl} then the other three points adjacent to u are clearly 
connected. Hence H-S is always connected. 
Case 3. If S = {u, w1 , wz} or {u, i, wl} then it is clear that H-S is 
connected. Hence H-S is always connected. 
Case 4. Since point 1 must have degree at least five in G, one can 
4-line-split edge 14 to obtain H. Thus H is Cconnected by Theorem 2. 
Case5 If4$SandiEH-S,wherel<i,<3,theniadj4.IfS= 
{u, 4, wl}, then since degree i > 5 in G, where 1 < i < 3, then there are 
points s, t and r (not necessarily distinct) adjacent to 1,2 and 3, respectively, 
in H-S. Now P,, or P,, remains in H-S, say P,, . Hence 1 and 2 are 
connected. Now either P,, or P,, remains. Hence 1,2, and 3 are connected. 
Hence H-S is always connected. 
Case 6. Since deg 1 > 6 in G one can Cpoint-split point 1 to get H. 
Hence H is 4-connected by Theorem 1. 
Case 7. If S = {u, w1 , wz} then clearly 1, 2, 3, and 4 are connected. 
If S = {u, 1, wl} then 2,3, and 4 are connected, and similarly for (u, 4, wl}. 
If S = {u, 2, wl} then since deg 1 > 5 in G there is a point s adj 1 in 
H-S, and now either P,, or P,, remains, so 1 is connected to 3 and 4. 
A similar argument holds for {u, 3, wl}. Hence H-S is always connected. 
Case 8. If S = {u, wl, wz}, then since deg 1 3 6 in G there remains 
a point s in H-S with s adj 1, and at least one of P,, , P,, , and P,, remains. 
If S = {u, 1, wl} then 2, 3, and 4 are connected. If S = {u, 2, wl} then 
one still has s in H-S with s adj 1, and either P,, or P,, remains. Thus 
1, 3, and 4 are connected, and similarly for {u, 4, wl}. Finally for S = 
{u, 3, w,}, since deg 1 > 6 and deg 2 > 5 and deg 4 > 5 in G there are 
points s, t and r in H-S adjacent to 1, 2, and 4, respectively. As in Case 5, 
1, 2, and 4 are connected. Hence H-S is always connected. 
Consequently, H is 4-connected whenever G is LCconnected, and the 
theorem is proved. 
I now show that if H is Cconnected with a point u of degree 4 from 
Case 10 or 11 then there is a 4-connected graph G from which we can 
obtain H by Cpoint-splitting. Recall that H,, denotes the graph obtained 
from H by identifying points u and v. Now the three points “4~” and x 
and y separate Hby if and only if the four points 4, U, x, and y separate H. 
Suppose a graph H is n-connected and H - {ul, u2 ,..., u,} is dis- 
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connected where A is one of the components. If a E A the point disjoint 
paths Paul , L, ,..., P,,, can not contain a point from another component. 
Even though each Ui $ A, the paths will be referred to as paths “in A” 
to u, ) u2 )..., 24, . 
THEOREM 10. If H is 4-connected with a point u of degree four that is 
adjacent to 1,2,3 and 4, as in Case 10, then either H4,, or HI, is Cconnected. 
Proof. Suppose S = {w, , w2 , w3} separates Hdr , then it is clear that 
4 ES (let “4” be the point 4u), S # (4, 1,2}, (4, 1, 3}, {4,2, 3}, or (4, 1, wr} 
where w, # 2 or 3. It remains to be shown that when H,, (respectively 
HI,) can be separated by removing point 4 (respectively 1) and two others, 
then HI, (respectively H4,J will be Cconnected. As noted, the other two 
points can not be 2 and 3. The first three claims consider the case where 
one point from (2, 3) is selected. In what follows, w1 , w2 , al , and L)$ shall 
represent points other than 1, 2, 3 and 4. 
Claim 1. If {4,2, wl) separates Hdr , then HI, is 4-connected. 
Proof. Suppose H is disconnected by S = (4, u, 2, wl}. For any 
point o either P,, or P,l remains, and so we have exactly two components, 
say A,, and Bdu with 1 E A,, and 3 E B4,, . Since (4, U, 2, wl} separates H, 
Lemma 1 implies any a E A,, has point disjoint paths P,, , PaI , Paz , 
and P,, in A,, , and any b E Bhu has point disjoint paths Pba , Pas, 
Paz , and’ PbW in B4,, . 
Let S, be Lfour point set of H containing 1 and U. It will be shown that 
H-S, is connected. If 4 ES, then clearly H-S, is connected. If S, = 
(1, U, 2, WJ then 4 is connected to any other point in H-S, . If S, = 
{I, U, 2, w} with w  E Bdr then any point in A,, is connected to 4 and w, 
(there are other points in A,, besides point 1 because deg 1 > 4 and 1 is 
not adjacent to 4), and any other point t left in B4,, has either Pt, or 
Pt,, in H-S, . (A similar case is S, = (1, U, 2, w} with w  E A,, .) If S, = 
0, 4 Wl, w> with w  E B4,, then a E A,, is connected to 2 and 4, and any 
other point t in Bau has Ptz or Pt, in H-S,. (A similar case is S, = 
(1, U, wl , w} with w  E A,, .) If S, = (1, U, p1 , pe} with pl and pa in Bau 
then any a in A,, is connected to 4,2, and w1 , and any other t in B4” has 
at least one of PtWl , Pt, , and Pu left in H-S, . (A similar argument holds 
for p1 and pz in Alu .) Suppose S, = { 1, u, 3, a} with a E A,, then for point 
b in Bas - (3) we have PbW1 , Pb,, and Pb,, and for any other point t in 
A,, at least two of P,,l, Pt, , and PLI are in H-S,. Finally if S, = 
{ 1, u, a, b} with a in A,, and 3 # b with b in B,, then 3 adj 2 and 3 is 
connected in H-S to w, or 4, say w1 . Since deg 4 > 4 and 4 is not adjacent 
to 1 there is a point q in H-S, with q adj 4. Whether q E A,, or q E B,, 
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at least one of PqW and P, is in H-S, . Thus 4, 2 and w1 are connected, 
and for any point ‘t of H-S, at least one of Pt2, Pt, and P,, is in H-S, . 
Similarly one can show the following: 
Claim 2. If (4, 3, wl} separates H,, , then HI, is 4connected. 
CZaim 3. If (1, 2, wl> or (1, 3, wl> separates H,, , then Ha,, is 
Cconnected. 
Now if H4,, and HI, are both not 4-connected then (4, U, w1 , wz} 
separates H and (1, U, v1 , uz} separates H. 
Claim 4. {WI , w2} # {ul , us}. 
Proof. There is a path P from 1 to 3 in H - {u, w, , wz}. If 4 $ P 
then (4, U, w1 , wz} does not separate H; if 4 E P then (1, U, w1 , w& does 
not separate H. 
Claim 5. w, # v, . 
Proof. Suppose w, = u, . Let A,, and B,, be the components of 
H - (4, U, w1 , wz} with 1 in Al, . We have paths Psa, P,, , Pss , Pa,,,, in 
B 4u . Thus a2 must be on PM, which implies that v2 is in BP,, . Now deg 
1 > 4 and 1 not adjacent to 4 implies there is a point p adjacent to 1 with 
PEA, Then we have P, , Ppl, P,,l , P,,* in A,, . Now in H - 
(1, U, al , Q} we have P, , P,,* , and Ps,,,, . But this means 4 and 3 and 
2 are connected, and so (1, U, v1 , vz} does not separate H, contrary 
to its definition. 
Claim 6,. {wl , wz} and {ol , Do} cannot be disjoint. 
Proof. As in Claim 5, one of U, and vg is on PM, say us. Let p adj 1 
with p E A,, . Let A,, and B,, be the components of H - (1, U, v, , us) 
with 3 E B,, , 4 E A,, . Since we have Pgp , p3,, , PaWI , PsW, in Bdu and 
Pti, P,I y Ppwl , PDwB in A4,, 3 and p cannot be separated by (1, u, u1 , Q}. 
So p = v1 or p is in B,, . Since deg 4 > 4 there is a point q adj 4 where 
q # u and q is not on P, or Pa . If q E A,, then one of PgW, and PqW2 does 
not contain p. Thus we have a walk 4, q ,..., w1 ,..., 3 or 4, q ,..., w2 ,..., 3 in 
H - { 1, u, p, Q}. If q E BdW then one of PQWI and P,,* does not contain u2 . 
Thus we have a walk 4, q ,..., w, ,..., 3 or 4, q ,..., w2 ,..., 3 in H - (1, u, p, Q}. 
Therefore p # v1 . So suppose p is in B,, , and then u1 must be on PDa. 
Again we consider point q. If q is in A,, then one of PqWI and P,,, does not 
contain u1 ; if q is in B4,, then one of P,+ and PgWs does not contain vz . 
But then in either case we have a walk in H - (1, u, vl, Q.> from 4 to 3. 
But this means 4 and 3 and 2 are connected, and so { 1, u, u1 , us} does 
not separate H. 
Consequently, the theorem is proved. 
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THEOREM 11. If H is 4connected with a point u of degree four that is 
adjacent to 1, 2, 3 and 4, as in Case 11, then at least one of H,, , H,, , Hsu , 
and H4u is 4-connected. 
Proof. It will be shown that if some Hi, is not 4-connected (I < i < 4) 
then at least one Hi, (1 < j < 4, j # i) is 4-connected. 
Any three point set which separates Hau must contain point 4. Consider 
a four point set S, that contains 4 and u and separates H. Then S, # 
(4, U, 1, 2) or (4, U, 1, 3) or (4, U, 2, 3). First it is assumed that the only 
point of S, that is adjacent to u is point 4. If S, = (4, U, w1 , wz} with 
wi # 1,2 or 3 then for each point t in H-S, at least one of Pt, , Pt, and 
P,, (using Lemma 1 with the four points I, 2, 3, and 4) is in H-S,. Thus 
there are at most three components. 
Claim. If H-S, has three components A, B and C with 1 E A, 2 E B, 
and 3 E C, then H,, is 4-connected. 
Proof. Since 1, 2 and 3 are not adjacent to 4, there are points p1 adj 1, 
pz adj 2, and p3 adj 3 with p1 E A, pz E B and p3 E C. Let v1 and vg be points 
other than w1 , w2 and 4. If S, = { 1, U, v1 , Q} then at least one component 
does not contain v1 or v2 , say pi is in that component. Then pi has paths 
to w1 , wz , and 4 in H-S, , as does any point in that component. If t E H-S, 
is in one of the other components then at least one of P1,, PtWl , and 
Pt108 is in H-S, . Thus H-S, is connected in this case. If S, contains 1, 
u and two other points in S, then the remaining point in S, is clearly 
connected to every point in H-S, . If S, = (1, U, 4, vl} then w1 and wp are 
both connected to every point in the two components not containing v1 
(hence w1 and w2 are connected), and every point in the component 
containing v1 is connected to at least one of w1 and w2 . Cases S, = 
(1, U, w1 , vl} or (1, U, w2 , vr} are handled similarly. 
Claim. If H-S, has only two components A and B with 1 E A and 
2 E B and 3 E B, then H,, is 4-connected. 
Proof. For t E A (t E B) let Pta, Pt,, PfW1, and PtWa denote the paths 
in A (in B) from Lemma 1. If S, contains 1, u and two other points of S, 
then the remaining point in S, is connected to every point in H-S, . 
If S, = (1, u, w1 , b} with b E B then for each point t in A we have Pt4 and 
PtWB in H-S, , and if t E H-S, is in B at least one of P,, and PtW, is in 
H-S, . A similar case is S, = (1, U, w1 , a} with a E A. Similar cases 
are S, = {I, U, w2 , t} and (1, U, 4, t} where t may be in A or B. If S, = 
{ 1, u, b, , b,} with b, , b, E B then, for each t in A, Pt, , PtW1 , and PeWI are 
in H-S, , and if t E H-S, is in B at least one of P,, , P,, , and PiWB is in 
H-S, , and similarly for S, = (1, U, a, , az} with a, , a2 E A. Now suppose 
CLASSIFICATION OF ‘&CONNECTED GRAPHS 293 
S, = (1, u, a, b} with a E A and b E B, then b # 2 or b # 3, say b # 2. 
Suppose b E Pza . Note that 2 and 4 are connected in H-S, and that 2 is 
connected to at least one wi , say w1 . Now if b # 3 then 3 is connected to 
at least one of the points 4 and w1 . Consequently, 2 and 4 and 3 (if b # 3) 
are connected in H-S,. Thus H-S, would be connected if b $ Pz4 . 
Suppose b E P,, , then Pzw, and Pzwz are in H-S, . Now 4 adj q with 
q # u and q not on Pza or Pa4 . If q E B then one of P,,* and P,,% does not 
contain b, and so we have a walk 4, q ,..., w1 (or w2) ,..., 2 in H-S, ; if 
q E A then one of PQwl and P,,, does not contain a, and so we have a 
walk 4, q ,..., w1 (or w2) ,..., 2 in H-S, . As above, this implies that H-S, 
is connected. 
Consequently the claim is true and we now have that if any S = 
6, 4 Wl 7 w,} separates H where 1 < i < 4 and w1 , w2 are distinct from 
1,2, 3 and 4 then at least one of H,, , Hzu , Hsu , and Hau is 4-connected. 
For the second part it is assumed that H cannot be separated by a four 
point set containing u and exactly one point adjacent to it. It is assumed 
that there is a four point separating set of H containing u and two points 
adjacent to it. 
Claim. If no such S = {i, U, w1 , wz} separates H, and S, = (4, U, 2, wl} 
separates H with 1 E A and 3 E B, then HI, is 4-connected. 
Proof. For t E A (t E B) let Pt, , Pt, , Pt, and Ptwl denote the paths 
in A (in B) from Lemma 1. By assumption S, = (1, U, u1 , us} does not 
disconnect. If S, = (1, U, 2, wl} then 4 is clearly connected to every point 
of H-S, . If S, = { 1, u, 2, v} and v E B we have P9+ and PDlwl in H-S, where 
p1 adj 1 is in A, and if t E H-S, is in B then at least one of Ptwl and Pt, 
is in H-S, . Similarly for u E A we get H-S, is connected. Similar cases are 
S, = { 1, U, 4, w,} or S, = (1, U, 4, v}. Finally if S, = { 1, U, 3, a} where 
v = w1 or v E B then PD1, and PD1, connect 2 and 4, and so H-S, is con- 
nected; and if S, = { 1, U, 3, a} with a E A then PDs4 and Pss2 connect 2 
and 4 where ps adj 3 is in B, and so H-S, is connected. 
Since similar claims hold for S, = (4, U, 1, wl> and S, = (4, U, 3, wl}, 
the theorem is proved. 
In Fig. 5 we have an example of a 4-connected graph H which can not 
be obtained from any other 4-connected graph G by line addition, 4- 
FIG. 5. An “unreachable” graph. 
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soldering, 4-point-splitting, or 4-line-splittting. The author has been 
referred to [6] in which D. Barnette generates the duals of the planar 
4-connected graphs by “face splittings.” Surprisingly the dual of the 
graph in Fig. 5 is used there to show the necessity of using “subdivisions 
of hexagons.” Barnette’s approach is particularly pleasing in that the 
“vertex splitting” duals of his operations will generate the planar 4-con- 
netted graphs from K, + C, , and one does not need solderings or line 
additions. 
The following definition can be given in greater generality [4], but this 
will suffice to characterize the 4-connected graphs. Suppose p E G with 
deg p > 6. Let H be the graph obtained from G by replacing p by a K3 , 
say on points p1 , pz and p3 , and for each point v of G with v adj p we make 
v adjacent to exactly one pi , where we insure that degpi > 4. Let H be 
said to be obtained from G by “3-fold-4-point-splitting.” (See Fig. 6.) 
In graph G in graph H 
FIG. 6. An example of 3-fold4point splitting. 
THEOREM 12. If G is 4-connected and H is obtained from G by 3-fold- 
4-point-splitting, then H is 4-connected. 
Proof. Suppose p1 adj v1 , p1 adj v2 , pz adj us , pz adj up , p3 adj vg , 
and p3 adj us in H. If S = {pl , pz , p3} then H-S is G-p, so H-S is con- 
nected. If S has exactly two of p1 , pz and p3, say S = {pp , p3, w}, then 
either v1 or va is in H-S, say v1 , Now p1 adj v1 and if t is any other point 
in H-S then the path from t to v1 in G -{p, w} is also in H-S. Thus 
H-S is connected. If S has exactly one of p1 , pz , and p3, say 
S = {ps , w1 , wz}, then one of v1 , uZ, v3 and up remains, say v1 . Now 
p2, p1 , v1 connects pl and pz to v1 in H-S, and if t is any other point in 
H-S then the path from t to v1 in G - {p, wl, wZ} is also in H-S. Thus 
H-S is connected. Finally, if S = {w, , w2, w3} does not contain a pi 
then p1 , pz , and ps are connected and if t E H-S, then t E G-S. So there 
is a path in G-S from t to p, and this implies there is a path in H-S to 
a pi, 1 < i < 3. Thus H-S is connected. 
LEMMA 3. If Cconnected graph H is as in Fig. 6 with degp, = deg 
pz = degp, = 4 and with v1 adj v2 , us adj vq and us adj us , then G is 
4-connected, where G is obtained from H by identfying p1 , pz , and p3 
as a single point p. 
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Proof. If S = {wl, w2 , ws} does not contain p then G-S is clearly 
connected. Suppose S = {p, wl, wz}. At least one of the three adjacent 
pairs remains, say a1 and v2 . Suppose vQ E G-S. In H there are four vl-v3 
paths PI , P, , P3 , and Pa . If any Pi contains only one of p1 , pz and p3 
then, since we have edges v1v2 , v3vq , and vgvs , we can use these edges to 
replace the respective pi in v,p,v, , v,p,v, , and vsp3v, (or v,p,v,). Now 
at most one Pi can contain two of pl, pz and p3 . Consequently we have 
three point disjoint vr-v3 paths in H which do not contain a pi , 1 < i < 3. 
Thus at least one of the paths in H will give us a v1v3 path in G-S. Similarly 
if vi E G-S, 4 < i < 6, then v1 and vi are connected in G-S. Now if w  E G-S 
and w  # vi then w  has point disjoint paths in H to v1 , v2 , pz and p3 . 
Consequently in G-S there is a path from w  to one of the points vi, 
1 < i < 6. Thus G-S is connected. 
LEMMA 4. Suppose a 4-connected graph H is as in Fig. 7 with deg 
deg u = deg 4 = 4 where u and 4 are “Case 9 points” (Fig. 4) and deg 
1 >, 5, then the graph G obtained from H by identifying points 4 and u is 
4-connected. 
FIG. 7. Identifying adjacent Case 9 points. 
Proof. Let s1 , s, , s, be three points adjacent to 1 other than u and 4. 
Since u and 4 are Case 9 points, s2 is not 2, 3, 5 or 6. I will show that any 
two points of G are 4-connected. 
4 and 1: Apply Lemma 2 to (1, sr , s2 , s3} and {u, 2, 3, 4) in H to get 
paths P, , Pz , P3 and P4 . One path, say P, , must be 1, u; say P, takes 
s, to 2, P3 takes s, to 3, and P4 takes sa to 4 (we may assume P4 has only 
one of points 5 and 6, say 5). Now in G we have 1, 4 and 1, sr ,..,, 2, 4, 
and 1, s2 ,..., 3, 4 and 1, s, ,..., 5, 4. 
4 and w where w # 1: In H, 4 and w  are 4-connected, say by PI = 
4, l,..., w  and Pz = 4, 5 ,..., w  and Ps = 4, 6 ,..., w  and P, = 4, u, 2 
(or 3),..., w. One need only change PA to 4,2 (or 3) ,..., w  in G. 
1 and w where w # 4: Using Lemma 2 we can get point disjoint paths 
PI , Pz , Ps and P4 from 1, s1 , s2 and s, to p1 , pz , p3 and pa respectively 
where pi adj w, 1 < i < 4. (If, for example, s1 = pz then we let Pz be a 
path with only one point and we could apply Lemma 2 to (1, s, , ss} 
and {pl, ps , p4} in the 3-connected graph H-p, .) Suppose PI contains 
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u or 4, say u (we can assume it does not contain both). If no Pi contains 
point 4, one simply substitutes 4 for u in G, but if one does, say P2 = 
s1 , . . . , 5, 4, 6,. . . , pz then we can use edge 56 and obtain P, = s, ,..., 5, 
6,..., pz and proceed as above. Now suppose P, does not contain 4 or U. 
If any Pi contains 4 and u we can assume they are adjacent and use point 
4 in G in place of points u and 4 in H. If any Pi contains just 4 or just 
u not as an end point then we can use edge 56 or 23, respectively. (Note 
that at most one of u and 4 can be a pi .) Thus in G we can find P, , P, , 
P, , is, for {I, s1 , s2 , s3} and {pl , pz , p3 , p4}, and so 1 and w  are 4- 
connected in G. 
Wl andw,wirh WC # 40r 1: We have PI, P, , P3 , and P4 which 4-connect 
w1 and w2 in H. Suppose only one contains 4 or U. If it contains both we 
may assume they are adjacent and use point 4 in G; if it contains only 
one then in G we can use 23 for 2, u, 3 or 3, u, 2 and edge 56 for 5, 4, 6 
or 6, 4, 5, and 1, 4, 2 for 1, U, 2, etc. Suppose u E Pl and 4 E P, . Then 
one of them does not contain point 1, say P, . We can use edge 56 in Pz 
and proceed as above. 
LEMMA 5. If u is a Case 9 point of degree 4 in a minimally-4-connected 
graph H (see Fig. 8), then deg 4 = 4 or deg 1 = 4. 
rl 
3”4 r2 
* 
‘3 
2 I 53 
7 
s2 
In H 
FIG. 8. Structure not possible at a point u of degree four in a minimally-4connected 
graph. 
Proof. Suppose deg 1 > 5 and deg 4 > 5. Label the points adjacent 
to points 1 and 4 as s1 , s2 , s, ,... and rl , r2 , r, ,..., respecti@y, such that 
if 1 and4areboth adjacent topl,p,,..., pk (points other than u) then s, = 
rl = p1 ,-.-, sk = rk = pk . Now H-p, is 3-connected, H - {pl, pz} is 
2-connected and H - {pl, pz , p3} is l-connected, and so by the appro- 
priate application of Lemma 2 we have point disjoint paths Pl , Pz , P3 
and P4 taking s1 , s2 , s, and 1, respectively, to {rl , r2 , r3 , 4}. If Pa # 1, 4, 
then we have four point disjoint 1-4 paths not using edge 14. But then 
H-14 is Cconnected, and this would be a contradiction. So we can assume 
P., = 1,4. Suppose u is on one of the paths, say Pr. = s1 ,..., 2, u, 3 ,..., r, . 
Then we can let P, = s, ,..., 2, 3 ,..., r, and P, = Pz and P, = P3 and 
isa = 1, U, 4. Thus we can find four point disjoint 1-4 paths not containing 
edge 14, and again the minimality of H is contradicted. 
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THEOREM 13. The class of 4-connected graphs is the class of graphs 
obtained from K5 by jinite sequences of line addition, 4-soldering, 4-point- 
splitting, 4-line-splitting, and 3-fold+point-splitting. 
Proof. By Theorem 0, Theorem 1, Theorem 2, Theorem 9 and Theorem 
12 one stays in the class of 4-connected graphs. To show that one obtains 
all of the 4-connected graphs by these sequences, apply induction on the 
number of points. Let H be a 4-connected graph with at least six points. 
Since line addition is allowed, assume that H is minimallyA-connected. 
Now H has a point u of degree four. If u is from Case 1-8, let G be the 
4-connected graph obtained from H by Theorem 4. Since G has one fewer 
points we can obtain G by such a sequence, and His obtained from G by 
4-soldering. If u is from Case 10 or 11 let G be the appropriate 4-connected 
Hi,, where 1 < i < 4, which is guaranteed by Theorem 10 and Theorem 
Il. Since G has one fewer point we can obtain G, and H is obtained from 
G by 4-point-splitting. Finally suppose that every point in H of degree 
four is as in Case 9. By Lemma 5 either point 4 or point 1 is of degree four, 
say 4 is such a point. Now 4 is also a Case 9 point. Hence if deg 1 3 5 use 
Lemma 4 to obtain the 4-connected graph G with one fewer points. H can 
be obtained from G by 4-line-splitting. If deg 1 = 4 then 1 is also a Case 9 
point, so we can use Lemma 3 to obtain the 4-connected graph G with 
two fewer points. H can be obtained from G by 3-fold%point-splitting. 
4. OBSERVATIONS 
It should be noted that I used minimality of 4-connected graphs, with 
one important exception, only to guarantee a point of degree four. Better 
results can be obtained. For example, if u is a Case 7 point in a minimally- 
4-connected graph H then Theorem 4 tells us that G is 4-connected. In 
fact, G minus edge 14 is also 4-connected [4]. 
It appears as if classifying 4-connected graphs is only a beginning in 
exploiting the concepts of “soldering” and “splitting.” I believe that n- 
connected graphs will be classified by “soldering” and “generalized 
splitting” operations. Further results along these lines will appear in [4]. 
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